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SUMMARY

An analysis is presented of the error in numerical approximations to a system of elliptic equations describing the
steady-state distribution of mobile catriers in a semiconductor device. Although this system has been extensively
studied by finite difference methods, the accuracy of the numerical methods employed has not been previously estab-
lished. Computation schemes are presented for which suitable error estimates are obtained, without assuming an
unreasonably small mesh size. In addition, for the one-dimensional problem, the effect of the inexact solution of the
discrete equations is estimated.

1. Introduction

In this paper we are concerned with the accuracy of numerical solutions of a system of non-
linear elliptic equations describing steady-state carrier distributions in a semiconductor device.
In an open bounded connected region D — R", we consider the system

kAy+N+pe " —{e¥=0, (1.1)
V-(e'Ve)=0, (12)
V(e 'Vp) =0, (13)

for the three real scalar functions i, {, p of x=(x4, ..., X,). In (1.1) k is a positive constant and
N is a given smooth function of x, defined in D. We assume boundary conditions of the form

{(x)=p(x)=1, (x)specified, xedD,, (1.4a)
{(x)=b, p(x)=1/b, W(x)specified, xedD,, O0<b<l, (1.4b)
v-V{(x)=v Vp(x)=v-V§Y(x)=0, xedD;, (L4c)

where the boundary 2D is the union of the three segments dD,, 0D,, @D, and where v is the
outward unit vector normal to the boundary.

The variables in the system (1.1-1.3) admit the following physical interpretation [13]:
¥, Le¥, pe™V are the electrostatic potential, electron density, and hole density, respectively;
x is the dielectric constant, N the ionized impurity concentration, and the quantities e’ V{, e ¥ Vp
are proportional to the electron and hole current densities, respectively. In obtaining egs.
(1.1-1.3) we are assuming the applicability of Boltzmann statistics and constant carrier
mobilities, and are neglecting recombination of mobile carriers. A system of units is adopted in
which the Boltzmann voltage, the electronic charge, and the intrinsic carrier density have
magnitude unity.

Numerous numerical investigations of systems of equations of this form have been reported
[2,4,8,9,15, 16], based on finite difference approximations. Many of these investigations do
not include computations of the current characteristics of the devices considered.

In this paper we derive estimates of the errors in'such numerical approximations of the solution
of the system (1.1-1.4), and in particular the errors in the computed values of the device currents,
which are of particular physical interest.

Our method of analysis is a variation of the Rayleigh-Ritz—Galerkin method, as applied to
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194 M. S. Mock

nonlinear boundary value problems [3]. We first obtain the desired error estimates in terms of
norms of the right sides of (1.1-1.3), when the solution functions ¥, {, p, are replaced in these
equations by sufficiently smooth approximating functions. Schemes for constructing suitable
approximations from finite-dimensional function sets are then presented. This approach
allows the order of magnitude of the errors to be estimated, even when the mesh is of moderate
size. For the one-dimensional problem, a particularly simple finite-element scheme can be used,
even if the discrete equations are not solved to high accuracy. The two-dimensional problem
is much more complicated, and we simply show how suitable numerical schemes can be
constructed.

The present results depend on an existence-uniqueness theory for the system (1.1-1.4) which
appeared in [11].

We note that the system (1.1-1.4) is invariant under the interchange y— —y, N——N,
{—p, p—{. For this reason, it is sufficient to write out the analysis only for the electron-related
terms, as the corresponding terms for holes are obtainable by the above interchange.

Except where noted otherwise, our estimates can be made computible and a priori. However,
in this form the estimates are so crude as to be useless from a practical viewpoint. For this
reason, we denote several multiplicative constants by C, with the understanding that such
constants will be determined empirically as required.

2. Assumptions, definitions and notation
We denote by y, {, p, the exact solution functions satisfying (1.1-1.4), and by ¥, (', p’ the

computed numerical approximations, which are assumed to satisfy the boundary conditions
(1.4). We set

ri=xAY +N+pe Ve (2.1a)
r, = V- (e V) (2.1b)
ry=V-(e¥'Vp) (2.1c)

where the #; are, in general, distributions of x in D. We also define the functions {,  to be the
solutions of

V- (e'Vv))=0, xeD, (2.2a)
V(e *"Vp)=0, xeD, (2.2b)

respectively, also satisfying the prescribed boundary conditions for { and p.
The electron current J is defined as

J = g e¥v-Vidx = —~ 5 e¥v-Vidx ; (2:3)
oDy oD
we also set
J = '[ /v Vidx = — g e'v-V{dx (2.4)
oDy 6D

and choose for the numerical approximation,

J = (1—b) G e“"v-VC’dx+bj
Dy

(77253

e‘/"V‘VC'dx> ) (2.5)
We use the following scalar product and norm notation:

(,0) = L u(x)o(x) dx Jul = Sup [u(x),

lull, = ( [ lu(x)tpdx)“": itk = ( [.x iaiul"dx> "

Journal of Engineering Math., Vol. 7 (1973) 193-205



Computation of semiconductor device current characteristics 195

It is assumed that the boundary segments 0D, 0D, are sufficiently large that the integrals
(2.3-2.5) are defined, and an estimate of the form
lull, < Cllully , (2.6)

holds for all functions equal to zero on D, v 0D,. From [11] we will infer the existence of
uniform bounds on y, {/, and the estimate

W —¢lli. < Clixdy +N+pe™ =], 2.7)

which is essential in the following analysis. We note that uniform bounds on {, p are immediate
from (1.2, 1.3) and the maximum principle; in the following, we also assume (', p’ uniformly
bounded.

3. Basic analysis

In this section we relate norms of the errors in the approximating functions ¥/, {', p' to the
magnitude of the error terms ry, r,, 75 in (2.1). Our results are contained in the following
theorem.

Theorem 1. Suppose the functions /', [', p' satisfy the boundary conditions (1.4), and in (2.1),
Iy, P2, 13 € Ly (D). Then there exists a constant C depending on D, || N||, b, and the boundary data
for ¥ such that

E= [y =yl o, W =Ll ot —plly 2+ 1 = J 14 15 — T
< C(lirylla+irzllz +lirsll) (3.1)
where J, is the expression for the hole current, analogous to (2.3), and J, is the computed approxim-

ation to J,, analogous to (2.5).

Proof: We write out the proof only for the electron terms, as noted above. From the triangle
inequality, we have

N =T S 0=l 2+ 1=l (32)
|J=JI S| T =J|+|J-J]. (3.3)
Integrating by parts, and using (2.1-2.5) we obtain ‘
(", V) = (1—b)J (34)
(€%, IV{1?) = (1-b)J 33)
€WV = (1=b)J —(, ). (3.6)
For some constant ¢, since Y is assumed uniformly bounded, we have also
ellt’ =i = @, IV =0)1P)
= (&, IVI1P)— (", VL)
=(E=0,ry) (3.7a)
=(1=b)(J' =)= (C,1) (3.7b)
so that
=0 =J)=(C.rs) or |J'=JI<Clirally . (38)

Next suppose J > J, then
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196 M. S. Mock

(1=b)(J=J) = (&, VL) = (", V(1)
= (€%, V¢ = (e, IV OP)— (¥, IVIP)
S(E—e V2 = (¥ ~1,¢"V(]?)
—(e”,VE-V(er v —1))
—(e, V- V(Y —y))
ClIEN 2=l £ CUR Y =91l 2 S ClY—¥lls,2 (39)

since ' is assumed uniformly bounded, and therefore J is from (2.2a, 3.4).
Similarly for J< J, we obtain

(1=b)(J=T) = (", IV{P) = (e, VL)
= (", VIR~ (", V=)~ (€, IVP)
S (- VP
SCIY =¥,z (3.10)

([

IIA

by reasoning entirely analogous to that used to obtain (3.9). In addition
=L =€ IVE-0P) ==L V(&' V))
= (=4 V(e V) = (=L, e V-V )
S CIE=Ll Y =l 2 £ CUE=Lll 2 1 = ¥lls 2
where we have assumed the boundary éD sufficiently regular that ||V{|| exists [11]. Thus

1=l 2 S ClY —lly (3.11)
Collecting these results, we have from (3.7a, 3.8, 3.9, 3.10, 3.11)

=N S CL=Cr)+Clly =yl 2 (3.12)

[J=J1< Cllrally +Clly =yl 2 (3.13)

and similar expressions for the hole terms. To estimate ||y — /||, ,, we use (2.7) and the triangle
inequality to obtain

I —¢ll12 < CUIrll+0E =L+ 110" = pll2)
S Clirgll + =0 r)r +(p—p', r3)h) . (3.14)
From (3.12, 3.13, 3.14) and the corresponding estimates for the hole terms, we have the left
side of (3.1), donated by E, estimated as follows:

E< C(lirlla+liralby+lrslly =€ =L ) +(p—p', 1)) - (3.15)
Finally, we estimate the scalar products in (3.15) using the Schwarz inequality,
C=Cr) <=Ll lrall, |
SCH =02 liralls

S =Ll lirall, (3.16)
using (3.7a). Then (3.16) becomes
€= r) S Clinall} (3.17)

using (3.17) and the corresponding estimate for (6 —p’, r5) in (3.15), the result (3.1) follows. This
concludes the proof of Theorem 1.

Corollary: For the case n=1 (D an interval, 0D,, 0D, the end points) the right side of (3.1
may be replaced by

C(llrdllz+lrzlly +ilrslly) - (3.18)
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Computation of semiconductor device current characteristics 197

Proof: Instead of (3.16), we use in (3.15) the estimate
€= r) S NE=L Nl
S CIE=Chalirally

= C(‘: -, rz)%“rz}h
so that

€= r) < Clirli} (3.19)
from which the result follows immediately.

4. Discretization ertor in one-dimensional problems

The use of suitable finite-element schemes, in the construction of the approximating functions
Y, {, p', allows the terms of the form [jr;||, in (3.1) or (3.18) to be readily estimated. In this
section we carry out such estimates for the one-dimensional problem, in which case a partic-
ularly simple numerical scheme can be used. In addition, our estimates allow for the generally
inexact solution of the discrete equations, and allow the asymptotic order of magnitude of the
errors to be achieved, using a rather coarse mesh. Such restrictions on practical computations
are commonly encountered in this type of problem.

Weset D=(0, L), with dD,, dD, the respective endpoints, L= Mh,and x,,=mh,m=0, 1, ..., M.
The functions ¥, {’, and p’ are specified by a set of parameters i, (., P, =0, 1, ..., M.
For m=0 and m= M, the parameters v,,, {,,, p.. are assigned their respective boundary values;
for other values of m, they are obtained from the difference equations presented below. The
functions ', ', p’ are defined as follows, in each interval x,,£ x< x,,+1:

Y () =¥ (x)+7(x) (4.1a)
‘p(x) = (i%xﬂ) Ymer + (36,,,-4.}1_-_-_)6) Vi (4.1b)
_ [(*mr1—X ’ Amw X=Xy ’ Am+ w
v(x)—< . ) 3 +< . ) 61 (4.1¢)
()00 etmr) s ) = Lo OB = Lo (42)
. dp’
(‘;’i_; (e"b _dp‘;) =0 ? XE(X,", xm+1) ; p'(xm)=p,,,, pl('xm+1)=pm+1 (43)

where in (4.1c) we use the abbreviation
Amlp:l/]m+1—2¢m+wm—la m=172::M_—1 ; Amlp:()’ m:0> M. (44)

The function ' as given in (4.1) is also obtained by cubic spline interpolation [1] between
the point values

W,(xm)z ¢m+%AmW =é(lpm—1+4wm+¢m+1) H m= 1’ 2, vy M—l 5

Y’ (0) =Yo V¥ (L) =Yy - (4-5)
The parameters ,,, {,,, p.. ar¢ obtained by the approximate solution of the system
R'=RI=R"=0, m=12 .. ,M-1, (4.6)

where

4
RT=x Z'ZW + N(x,,)+ P €XpP <—

w,,,_1+4né,,,+wm+1> ¢ exp <¢m_1+4ngm+wm+1>’

4.7)
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198 M. S. Mock

oRe = (Ll ) G-t - (220 ). (49
2R = (G (i) = (B2t G (49)

the factors in parentheses in (4.8, 4.9) are defined continuously at ¥,,=,, . ;. The system (4.6)
possesses a solution [11]; however, in the following we allow for nonzero values of the RT.
We note that if RT=0 for some m, the approximating functions actually satisfy eq. (1.1) at the
point x,. Egs. (1.2, 1.3) are satisfied by these approx1mat1ng functions except at the interior
mesh points.

The electron current J' is readily computed from (2.5, 4.1, 4.2), and is given by

J=(1-p)"? {(1——{1) /ﬁ eV ®dx—b({y_,—b) /ﬁ_he“”"")dx} . (4.10)

In the following, it is convenient to employ the following notation:

u(x) = (x)e?" ™, v(x)=p'(x)e D, wx)=N@x)+v(x)—ulx), 0£x<L; (41])
fi(x) = (x;x"') U(Xpes) + (E'"Jhﬁj>u(xm)

0

8(x) =<f;fM>quH)-+<ﬁﬂiif)mMg Xy S XXy ,m=0,1,. ., M—1 (4.12)

- — Xy —X
Nx)= (x x’“) N(Xps1) + (——-H—«—>N(xm)
h h
In addition, it follows from (4.1) that

Yo (x) = . ) "”;Iw Ime1 X A'";p, XnEXEXpe1, mMm=0,1,.., M—-1.
x h h h h
@.13)

A first integral of (4.2) gives

X + 1
(X)) =a,e™ P, x, < X< X1} =Gt 1—{m) /}' e~ O x|
X

m=0,1,...M—1; (4.14)
we also set

b= (Goes =G [ €= (G L) W =i [l e,
m=0,1,..,M~1. (4.15)

Our estimates of the discretization error associated with this scheme are contained in the
following two lemmas:

Lemma 1: In the above difference scheme, suppose \,,, {,., p,, @re bounded, independently of m
and h; then there exists a constant C, independent of h, such that

M-1 3 M~-1
nr1||2§<h ¥ (R'{’)2> N =R+ Ch? [1 + Sup [RT+R S (JRII+IRI)
m=1 I1sms=M-1 m=1

3 Mz 1)) <M>i1 (1RT|+(R';i+|Ra"r))]. (4.16)

m=1

Proof: We estimate ||r(||, from (2.1a), using the triangle inequality and (4.7), (4.12), (4.13),
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Computation of semiconductor device current characteristics 199
il = NI+ N+o—ull,
S et N 40—l + |N =Nl +llo— 8]+ lu—all,
M-1 *
s <h 2. (RT)2> + IN=NI;+ o=l +lu—dall, .
m=1

From (4.12) it follows that in any interval x,, < x< X, ,,

=9 = = (=22) [ =muaty = (52) [ i) (y>d¥4f17)

from (4.2, 4.11, 4.14), we have for x,,< X< X4,
U = (€ A+ L), = & (Wi + e+ (V1))
= @ +u (Ve + (1)) . (4.18)

In (4.18) the boundedness of u (independently of h) follows from (4.1, 4.2) and the hypotheses
on the parameters V,,, {,,. From (4.13, 4.7) we have

Wl < C+IRTI+IRT ), @.19)
so that
M-1
Wi < C(l,+h » 1R;"|). (4.20)

From (4.1, 4.14, 4.15) it follows that |a,,| < C|b,,|; we rewrite (4.8) in the form
hRY = b, —b,_, (4.21)

and note that
M-1 Xy + 1 R
Y. b, j e dx = b1, (4.22)
m=0 Xm

using the boundary conditions (1.4) for {. From (4.21,4.22) and the boundedness of ¥, it
follows that

M1
bl < C <1+h > IRi2|>. (4.23)
i=1
Combining (4.18, 4.19, 4.20, 4.23) we have

(9= C [1 © oSup IRTIEA S IRFI4R (Mi: IRTI) (Mil (|RT|+|R;*I))]

1=msM-1 m=1 m= m=1

(4.24)
for xe(x;, x;4+,), j=0,1, ..., M—1. Then from (4.17) we obtain

M—-1 M-1 M~-1
nu—angC[H Sup [RI|+h Y IR';|+h2(z |R;"|)( ) (|R';'|+|Rz'l))] :
m=1 m=1

1=m=EM-—-1 m=1
A (4.25)
by analogous methods, a similar estimate is obtained for ||o— ||, which establishes the result
(4.16).

Lemma 2: Under the same hypotheses as for lemma 1, there exists a constant C independent
of h such that

M-1

M-1 M-1
||r2H1§C{h >IR3+ <1+h 2 IR’£‘|> 2 Ny —= 4,9
m=1 m=1

m=0

+ M}fl (e14m¥] — 1) (e 4mv 1)[} (4.26)
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200 M. S. Mock
Proof: From (4.14) we have
M-
Iralli = Y lap—dy sl (4.27)
m=1
it follows from (4.14, 4.15) that

Xy + 1 - Xm+1 o,
am=bmj e“”dx/j e Vdx
Xy Xin

so that
am—am_1=(bm—bm_1)j " ey /j T e Vdx

Xm+1 Xm ~ -
" b’"J j e‘w"‘)’“"”(e‘“x’—e‘y‘”)dydx/
Xm-1

o j T e VWO dpdy . (4.28)
In (4.28) we use (4.21) and the boundedness of y(x) to estimate the first term, and (4.23) to
estimate the factor b, in the second term. Again using the boundedness of y, and substituting

s=(x—x,)/h, t=(y—X,,_1)/h, it follows that the ratio of the double integrals in (4.28) is estimat-
ed by

11
C J J e~(wm+1—wm)se—(wm—wm—1)t (e'“")—e‘“y’)dsdt
0

5-0) [owp (= & dy = L )

— exp (—ﬁA v~ a 6t)3 Bt )} dsdt

e[ [ (30—t st 22 g - ¥ >)[p(—"~6i”)

/ - exp( gl/’ >}dsdt

+ C j: r exp (—%(!//mﬂ—l/!m_l)(s—i-t) - A';w (s—1t) — 42_1// t3> [exp (~ f"g\d’(l_sf)

0

A

- j:) Jl exp (—%(ll’mn—l/’m—l)(s‘*‘t) -

0

~ exp (- A—'"gﬁ“ﬁ (1-t)3)]dsdt. (4.29)

The two expressions in (4.29) are estimated similarly; the first term can be rewritten

c r r exp (_%(l/,mﬂ_l//m_l)(s-l—t) ';l//(s—t—s(l—S) ))

0“0
l:exp (— ALgl—llf s3> — exp <— Agl s3>} dsdt

+ Cr jl exp (—%(lﬁmﬂ—l/fm#z)(sﬂ) - A';—l//(s—f—%(l“sf))

liexp(w A,g_lﬁ s3> — exp (— 4—%! t3>} dsde. (4.30)

Journal of Engineering Math., Vol. 7 (1973) 193-205



Computation of semiconductor device currvent characteristics 201

The first term in (4.30) is < C|4,,, 1¥—4,,¥|, using the mean value theorem and the bounded-
ness of the discrete variables. To estimate the second term, we note that

[ e (40msmaorn) [or (- 22 0) — erp (- 22%0) | asae=o

by symmetry ; thus the second term is equal to
T 1 Amw
€ ] e (= 30— )0 [exp (= B s=e=d1-9) - 1]
040
(s3—t3)> - lj) exp <—— A6Lw t3> dsdt

o -
= Clexp Gl4¥1)— 1) (exp (s 4n91)—1) (4.31)

since for 0< s, t< 1, [s—t—4(1—s)*| £ % and | s* — *| < 1. The same estimate is readily obtained
for the second term in (4.29), which estabhshes (4.26).
Based on the estimates (4.16, 4.26), and a similar estimate for |75, we obtain the followmg

Theorem 2: Suppose that h is chosen sufficiently small, and the difference equations (4.6-4.9)
are solved to sufficient accuracy, that the following are valid, with constants independent of h:

(@ [IN—=Nl,=0(r);
(B) Y Wms1—Wnl is bounded (depending on the particular problem, this bound may
m=1

or may not be known a priori) ;
() RPwkx,)s1, m=1,2..,M-1;
(d) Yy Cons Py are bounded independently ofmand h ;
M-1 3
@ (1T @r) 1Y (reiRs) =007

m=1

then

=¥ 2+ =Ll o+ o= oMl 2+ 1T =T |+ | =T = O(R%). (4.32)

Proof: Using hypotheses (a,d, e) in lemma 1, we have [|r,||,=0(h? from (4.16). From
(4.7, 4.11) we have

Ay = kh* RT —xh?w(x,,) ; (4.33)
using (4.33) and hypotheses (c, e) in lemma 2 give

Irall < € [h2+h2 T e = 3 @0

m=1 m=1

M-
O +CI Y 1w (hs 1) =) (434
m=1
again using (4.33). From hypothesis (b), the sum in (4.34) is bounded independently of h, so
lirall, =0 (h?). A similar estimate holds for ||rs|l;, and establishes the result (4.32) from (3.1).
This concludes the proof of theorem 2.
We note that under the hypotheses of theorem 2, the order of magnitude of the error in the
computed current J' is not changed if eq. (4.10) is replaced by the simpler expression

= (—bo+bby_;)/(1-b). (4.35)

By using more elaborate discrete equations, one may obtain a numerical scheme which is
superior to the one described above, in the sense that hypotheses (b, ) of theorem 2 may be
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dropped. From (4.1, 4.14) it follows that the a, can be computed to arbitrary accuracy, in
terms of the discrete variables. The conclusion of theorem 2 depends only on the boundedness
of the a,, as applied to (4.18), and an estimate of the form

M-1

Z |am_am—1l = O(hZ) (436)

m=1

to replace lemma 2.
5. Two-dimensional problems

In this section we are concerned with obtaining estimates of the error terms in (3.1) for a two-
dimensional domain D. The methods of Section 4 unfortunately cannot be generalized to
higher dimensional domains.

For simiplicity, we specialize the domain D to be a rectangle, with boundary segments
oriented as shown in fig. 1. As in the preceding analysis, we consider the case where the relative
variations in e*¥', {’, p’ between mesh points are large, but we assume that the relative varia-
tions in ¥, {e’, peV, e'V{, e ¥Vp are O(h). As the detailed analysis for two-dimensional
problems is quite lengthy, compared with that given above for the one-dimensional problem,
we simply show here how suitable computation schemes may be constructed. As in the preced-
ing sections, we carry out the analysis only for the electron terms.

The essential problem is the solution of (2.1b) for {’ in terms of ¥/, in such a manner that
[Ir,]l, as determined from (2.1b) can be made small. The following approach is proposed:
instead of trying to approximate (1.2) directly, we describe the current density components by
a “stream function” denoted by 6, defined in D and satisfying the boundary conditions shown
in fig. 1,

€Iy =J0,(x. ), ({)xy=-J0,(xy), (x,y)eD (5.1)

where J is the total electron current, given in (2.3). From (1.4, 5.1) it is clear that 6, as a function
of (x, y), satisfies the equation

V-(e™¥VO)=e ¥ (40-Vy VO =0, (x,y)eD, (5.2)

and the boundary conditions as shown in fig. 1.

The advantage of introducing 6 is that in view of our hypotheses on the relative variations
in Y and €¥V{, we can apply standard numerical techniques to the solution of equation (5.2).
Our computed approximation to 8 is denoted by @', and satisfies

2O~V VO =1, (5.7)

I

Y
y = L'
aDl/ I 3D,
r =1 8D, ¢ = b
8,= 0 J 6, = 0
8 =0, 7 =0 x = L X

Y
Figure 1. Orientation of boundary segments for two-dimensional problem.
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for some error term r,; as previously, we assume that ¢ satisfies the prescribed boundary
conditions exactly. To compute an approximation ', we use {5.1) and the boundary conditions
to obtain

O ) =1—j(y) 5 eV ED G, (z, y)dz (5.42)
=b+j(y) SL e VN9 (z, y)dz,  (x,y)eD, (5.4b)
where :
L v
i =0-0) /| ez s 53

From (2.5, 5.4, 5.5), we obtain an expression for the approximation to the total electron
current, which is given by

L
7= [ 30)03(0. )-8, (L ))dy/(1-b). (59)
For this computation scheme, we have the following estimate :

Lemma 3: Suppose the quantities /', \,, 0, 0, 0, are uniformly bounded for (x, y)e D, and

x5 Yy Yyy
j(y) uniformly bounded for ye[0, L']; then there exists a constant C, depending on D and the
bounds for these quantities, such that

2l £ CLlzally +rally 2+ ral 3+ lI7alls 2] - (5.7)

Proof: We differentiate (5.4) with respect to x, to obtain

Lolx, )= —e7V 5(3) 6 (x, y) 5 (5.8)
rewriting (5.3) in the form
(€™ 0)+(e "), =" r, (5.9)

and differentiating (5.4a) with respect to y, we obtain, using (5.9) and the boundary conditions
for 0',

X

&, y) =4, (») j: e V'ENg (2, y)dz+j(y)J (7v'0;),(z, y)dz

0

=500 | V0 N+ 0) | (e B2 e )z

0

+ i) j eV EN 1, (2, y)dz

=j,(») jo e VEN (2, y)dz—j(y)e ¥ V0, (x, y)

+ () jo e VI, (2, y)dz.

Differentiating (5.5) with respect to y, we obtain similarly

= =UOR | e (e e/ (1-b). (511
From (5.8-5.10) we have
(& (% ) = () 05, (. ¥) (512)
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and

("8, 1) = =i (1) 05, (x, ) —j; (1) 05 (x. y)

t (@] e 0ae pione 0eE) (5.13)
thus

ra(x, ¥) = —j,(») 05 (x, )

o[, R , .
+ = (ew 9 50 eV ED(j ()0 (2, 0)+j(B) ez, t)dz)t_ (5.14)
=Yy

From the boundedness of j(y) as a function of y, we infer from (5.11)

jo i, )P dy £ Clirll? ; (5.15)

performing the indicated differentiations in (5.14) and taking the L, norm, using (5.13, 5.15),
the boundedness of ', ¥, and the derivatives of ¢, and the Schwarz inequality repeatedly,
we obtain an estimate for ||r,]|, of the form

2l < CLIrall+ llrallZ + ralli 2], (5.16)

for which (5.7) follows by the Sobolev inequality. This concludes the proof of lemma 3. -

We note that the term ||r, ||, in (3.1} can be estimated by methods similar to those used for
the one-dimensional problem in Section 4. Under suitable additional hypotheses, bounds for
the second derivatives of (" may be obtained from (5.12, 5.13).

In general it will not be possible to perform the indicated integrals in (5.4, 5.5, 5.6) exactly.
We assume that the additional error introduced in the approximation {’ can be represented by
adding an error termrs =75 (x, y)to e ¥ 0 in the integrands of (5.4, 5.5). Under these conditions,
lemma 3 remains valid if the additional terms ||rs|l,+1lrslly o+ I7sll2 2+ I7sl 3+ I7s]3 2+
llrsl3 , are inserted in the brackets in (5.7). The method of proving lemma 3 is essentially
unchanged.

Finally, we note that uniform bounds for ¥ —', {—{', p—p’ may be obtained from the
bounds in the norm |- ||, , and the inequality [10]

-Il< Cllog ot (lllfy,2+011l2,2) (5.17)

which is valid for any function in H3(D) equal to zero on 6D, L dD,. If we obtain convergence
of order A7 in the norm || - || ,, setting d ~ h?, we have uniform convergence of order A7 |log k|,
since from (3.1) we are assured of the square integrability of the second derivatives of ¢/, {', p'.

6. Discussion and summary

Although the above analysis is not sharp with respect to multiplicative constants, it may be of
practical value in the construction of suitable computation schemes for this type of problem.
This is particularly true of the one-dimensional analysis of Section 4, where sufficient conditions
for attainment of the asymptotic convergence rate are obtained, and where the effects of in-
exact solution of the discrete equations can be appraised. The difference scheme (4.6-4.9) does
not require that the variations in ¥, {, p between mesh points be small, and allows for a finite
number of “depletion layer” edges, where abrupt variations in the charge density w, as given by
(4.11), may occur. This scheme can readily be generalized to the case of nonuniform mesh
point spacing, with theorem 2 remaining valid. Hypothesis (¢) of theorem 2 may provide an
effective criterion for terminating the iterative solution of the discrete equations, when relatively
slowly converging methods are used for their solution [6, 12].

In addition, equations (2.5, 4.10) provide an unambiguous expression for the computed
value of the electron current. In the general case, one has b< 1, and the current is essentially
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evaluated at the boundary 9D, ; for bipolar or field-effect devices in their normal operating
conditions, this is the emitter or source contact, respectively.

To the best of our knowledge, the scheme (4.6-4.9) has not been employed in an actual
computation. A similar scheme, however, in which the averages (¥,,_, +4:,bm+1,b,,,+1)/6 are
replaced by y,, in (4.7) has been used, both in one dimension [14], and in two-dimensional
models of the insulated-gate field-effect transistor [7, 12]. In this device, the current flow is
essentially one-dimensional, and thus the analysis of Section 4 at least relevant, if not rigorously
applicable. It is readily shown that theorem 2 remains true for the numerical scheme so obtained.
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